The groups G H,1,n
The semidirect product G H,1,n = H n S n is the group of permutations with edges colored by elements of h. The product is the usual product on permutations with the convention that elements of H slide along edges and multiply when they collide. The group G H,1,n is generated by the elements 
The operation in the semidirect product in the group
is determined by the product in S n , and t h t k = t hk , for h, k ∈ H n , and wt h = t wh w, where
are a set of conjugacy class representatives for G H,1,n . The centralizer of γ µ in G H,1,n is
with Card(Z G (µ)) =???.
Each element of G(r, p, n) is conjugate by elements of S n to a disjoint product of cycles of the form ξ
By conjugating this cycle by ξ
. . , i denote the minimal indices of the cycles and c 1 , . . . , c are the numbers c for the various cycles, then after conjugating by ξ
. . , n), where a = c 1 + · · · + c and b = a + λ i + · · · + λ n . If k = n − i + 1 is the length of the last cycle, then conjugating the last cycle by ξ
If we conjugate the last cycle by ξ
In summary, any element g of G(r, p, n) is conjugate to a product of disjoint cycles where each cycle is of the form ξ
except possibly the last cycle, which is of the form
where k = n − i + 1 is the length of the last cycle.
for any element g ∈ G(r, p, n). Suppose that g is an element of G(r, 1, n) which is a product of disjoint cycles of the form ξ a k (i, . . . , k) and that h ∈ G(r, 1, n) commutes with g. Conjugating g by h effects some combination of the following operations on the cycles of g: 
Furthermore, the elements of G(r, 1, n) which commute with g are determined by how they "rearrange" the cycles of g and a count (see [Mac, p. 170] ) of the number of such operations shows that if g ∈ G(r, 1, n) and m a,k is the number of cycles of type ξ a
LetĤ be an index set for the irreducible H modules. If γ ∈Ĥ then letĤ γ be an index set for a basis of H γ so that
for appropriate constants h QP ∈ C. Let λ = (λ (α) ) α∈Ĥ be aĤ-tuple of partitions with n boxes total. A standard tableau of shape λ is a filling of the boxes of λ with 1, 2, . . . , n such that, in each partition λ (α) , (a) the rows increase from left to right, (b) the columns increase from top to bottom.
The rows and columns of each partition λ (α) are numbered as for matrices and
, and
The numbers c(b) and s(b) are the content and theĤ-type of the box b, respectively. (a) The irreducible representations G λ n of the group G H,1,n = H n S n are indexed by the set
ofĤ multipartitions with n boxes total.
with G H,1,n action given by
where
is the content of the box containing i in T , s i T is the same as T except that i and i − 1 are switched,
Proof. The following argument determining the simple G H,1,n modules is often called Clifford theory. Let G λ be a simple G H,1,n = H n S n module. Let H γ be a simple H n submodule of G λ . Then wH γ is another simple H n submodule of G λ and
since the right hand side is an H n S n submodule of G λ . Let
where S λ γ is a simple S γ module. Since we are free to choose γ in its S n orbit we may assume that γ is of the form γ = (γ 1 , . . . , γ 1 ,
where µ = (µ 1 , µ 2 , . . . , µ ) is a partition of n. An irreducible representation of S γ is indexed by a tuple of partitions, one partition for each γ i that appears in γ, so that the total number of boxes in the tuple of partitions is n. Let us make this construction more explicit. Using the notation in (???), the simple H n modules are indexed by the setĤ n and a simple H n module
Then the action of S n on H n modules in (???) is given by
defines an action of S n on the irreducible H n modules. The resulting action of S n onĤ n is given by w(γ 1 , . . . , γ n ) = (γ w(1) , . . . , γ w(n) ).
Returning to the setup in equation (???),
(The fact that wH γ = H wγ means that in this case the cocycles (factor sets) that appear in Clifford theory are trivial.)
The Casimir element is the sum of the elements in the conjugacy class of s 12 ,
with notations as in (???).
Theorem 1.2.
(a) The Casimir element κ n for G H,1,n is a central element of the group algebra of G H,1,n such that κ n acts on G λ n by the constant b∈λ c(b).
(b) Let H * be an index set for the conjugacy classes of H and let µ ∈ H * . Let
where the sum is over all elements of H in the conjugacy class µ. Then z(µ) is an element of the center of the group algebra of G H,1,n and z(µ) acts on G λ n by the constant
.
Proof.
Define an element of Hom(H α , H β ),
Then as elements of Hom(H α , H β ), 
(a) Let x 1 = 0 and, for 2 ≤ k ≤ n let
and
(b) Since h∈Cµ acts on H α by the constant
Part (b) of the theorem now follows by summing over i.
For example, if
where, in the last caseĤ indexes the rational representations of H = C * .
Characters of
Let H * be an index set for the conjugacy classes of H and, for each β ∈ H * , let
2 , . . .} be a set of variables indexed by β, and let
so that p µ (x) is the product of power symmetric functions from each of the variable sets x (β) . Define a "change of variables" from the x (β) variables, which are indexed by β ∈ H * , to y (α) variables indexed by α ∈Ĥ, by setting
for each α ∈Ĥ, and each r ∈ Z >0 .
Define
for λ ∈Ĝ n and µ ∈ G * n .
The groups G H,H/K,n
Let H be a group. Assume that H is abelian so that there is a well defined map φ : G H,1,n → H given by φ(t h w) = h 1 · · · h n , for h = (h 1 , . . . h n ) ∈ H n and w ∈ S n . Let K be a subgroup of H and define a normal subgroup G H,H/K,n of G H,1,n by the exact sequence
Let H be an abelian group and letĤ be an index set for the simple H-modules. The dual group is the setĤ with the operation induced by tensor product of H-modules. If H = C * then the irreducible representations of H (as an algebraic group) are
for λ, µ ∈ Z n . If H is a finite abelian group then
a quotient of the lattice in (???), so that
Let H be abelian and letĤ be the dual group of H. The groupĤ acts on the group algebra of H n by algebra automorphisms,
and on the group algebra of G H,1,n = H n S n by algebra automorphisms,
LetK be a subgroup ofĤ. Then the subalgebra of CG H,1,n fixed byK is
where K = λ∈K ker(X λ ).
3 The groups G r,p,n The group G H,H/K,n is denoted G r,p,n if H is a cyclic group of order r and H/K is order p.
Note that p is not necessarily prime and p divides r. The group G r,p,n can be realised as the group of n × n matrices such that (a) There is exactly one nonzero entry in each row and each column, (b) The nonzero entries are rth roots of unity, (c) The (r/p)th power of the product of the nonzero entries is 1.
Special cases of these groups are
(1) G r,1,1 , the cyclic group of order r,
(2) G r,r,2 , the dihedral group of order 2r, (3) G 1,1,n = S n , the symmetric group, or Weyl group of type A, (4) G ∞,1,n is the affine symmetric group or the affine Weyl group of type A, (5) G 2,1,n = W B n , the Weyl group of type B n , (6) G 2,2,n = W D n , the Weyl group of type D n , All of these are subgroups of the group
(the normalizer of the torus of diagonal matrices in GL n (C)). Let Z/rZ = {0, 1, . . . , r − 1} and let ξ = e 2πi/r . The groups G r,p,n are complex reflection groups (generated by reflections). The reflections in G r,p,n are the elements
and t , For G r,1,n the generator s 1 is unnecessary and, for G r,r,n the generator t r 1 = 1 and is irrelevant. Note that only the groups ???? can be generated by n reflections.
Representations of the groups G H,H/K,n
The irreducible representations of the group G H,1,n can be derived from Clifford theory or via the tower
is a "Levi subgroup" of G n+1 . The towerĜ has vertices on level n: multipartitions λ = (λ (α) ) α∈Ĥ with n boxes total, vertices on level n + λ → (λ, α ) for each α ∈Ĥ.
edges from level n + 1 2 to level n:
(µ, α ) → ν if ν is obtained from µ by adding a box to µ (α) .
For each 0 ≤ m ≤ r − 1 the elements t m i , 1 ≤ i ≤ n, form a conjugacy class in G(r, 1, n) and the elements t m i t −m
are elements of Z(CG(r, 1, n)). So z s (m) and z must act by a constant on any irreducible representation S λ of G(r, 1, n). Define x 1 = 0,
for 2 ≤ k ≤ n, and
Theorem 4.1. The elements x 1 , . . . , x n and y 1 , . . . , y n all commute with each other and the action of these elements on the irreducible representation S λ of G(r, 1, n) is given by
for all standard tableaux T .
Proof. The proof is by induction on k using the relations (a) The simple G H,H/K,n modules are indexed by pairs (λ, µ) whereλ ∈ K\Ĝ n , µ ∈K λ , where K λ is the stabilizer of λ in K.
(b) The simple G H,H/K,n module, then for any fixed representative λ of the cosetλ,
is the minimal idempotent of K λ corresponding to the module K µ λ .
(c) As a (G H.H/K,n , K λ ) bimodule
